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CN ' Abstract. For every a < /3 in a left neighborhood [a^, 1] of 1, a group G(a,j3) 

'^ i is constructed, the growth function of which satisfies hmsup °^ °^jq'^'°''^ — a 

'■^ ■ and liminf °^ °^;o'^'°''^ — /?• When a — (3, this provides an exphcit uncountable 

00 I collection of groups with growth functions strictly comparable. On the other hand, 

^_^ ' oscillation in the case a < /3 explains the existence of groups with non comparable 

/■^ I growth functions. Some period exponents associated to the frequency of oscillation 

^K ' provide new group invariants. 

-(— > . 

[ 1. Introduction 

J^ . The growth function &r,s(^) = |'S''"| of a group T with finite generating set S was 

Cf^ ! introduced by Milnor [Mil] in relation with Riemannian geometry. The class br{r) 

^ I of br,s{r) under the equivalence relation associated to the order /(r) < g{Cr) for 

some C (written f '^ g) is independant of the generating set S, so that hY{r) is a 
^ . group invariant. 

, I For many groups, e.g. those containing a free semigroup, the growth function 

II; ' is exponential. However, the growth function of a nilpotent group F is polynomial 

•T-j . fcr(^) ~ f'''^^'' where d{T) = ^ fc.rank(Ffc/Ffe_|_i) is the algebraic degree of nilpotency 

rS\ of F = Fi associated to the filtration F^+i = [F^, F] ([Bas], [Gui], [Wol]). Conversely, 

c^ ' Gromov proved that polynomial growth implies virtual nilpotency ([Gro], see also 

[Kle] and [ST] for an explicit version applying to finite groups). This implies in 

particular that polynomial growth functions are indexed by integers (i(F) and any 

two are always comparable for ^. 

In the eighties, Grigorchuk has shown some groups have intermediate growth, i.e. 
faster than polynomial and slower than exponential. In [Gril], he considers a family 
indexed by a Cantor set {0,1,2}^ of groups G^ acting on a binary rooted tree. 
Many of these groups satisfy growth inequalities of the form e^" ^ bc^ir) ^ e^ for 
exponents ^ < a < f3 < 1. On the other hand, for some sequences u, the growth of 
Geo is "close to" e*". Grigorchuk also proved the existence of uncountable antichains 
of growth functions (i.e. collections of pairwise non comparable such functions). 
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2 BRIEUSSEL 

Recently, Bartholdi and Erschler have computed the intermediate growth func- 
tions of some groups related to the group G(oi2)°° (see [BE]). More precisely, for 
To = JjjTLlx ^(012)°° and F^+i = F^ \x ^(012)°°, there are explicit exponents a^ < 1 
accumulating to 1, such that their growth functions satisfy br^{r) ~ e^"*. 

The purpose of the present article is to draw a panorama of growth behaviors in 
the range e''° . The two main points are that on the one hand there is a neighborhood 
of 1 in which any a is the growth exponent of some group, raising an explicit 
uncountable family of groups for which the growth functions are strictly comparable, 
and on the other hand, there are groups the growth function of which oscillates 
between two distinct exponents a < P, which explains non comparison phenomena. 
More precisely: 

Theorem 1.1. Let 7] ^ 0.8105 be the real root of X^ + X'^ + X - 2 and Oq = 
J — ^^ — ~ 0.7674. Then for any ao < a < (3 < 1, there exists a group G{a, (5) such 

that: 

. \og\oghG(a,p){r) ... loglog6G(a,/3)(r) 

hmmt — ^ — - — = a and limsup — ^ — - — = p. 

log r log r 

In particular, there exists a group G{a) such that lim °^ °^^ '^^'°-' '^ = a. 

The groups G{a,/3) will be explicitely described as F Ix G^ for appropriate se- 
quence u = uj{a,/3). Note that the group G{ao) is precisely the group Fq = 
Z/2Z Ix G (^012)00 considered in [BE]. Also a better study of oscillation phenom- 
ena provides uncountable antichains of growth functions satisfying a uniform upper 
bound e*" for any f3 > ao. 

In order to ease notation, adopt the following: 

Definition 1.2. Given a finitely generated group G, the upper logarithmic growth 
exponent a{G) and the lower logarithmic growth exponent a{G) are real numbers in 
[0, 1] defined as: 

-/^N 1. loglog^cW , . . loglog6G(r) 

a[G) = limsup and a{G) = hmmt 



log r log r 

In case of equality, call logarithmic growth exponent the number a{G) = a{G) = 
a{G). 

For submultiplicative functions, inequality b{Gr) < h{r)^ implies: 
log log 6(Cr) loglog6(r) logC 
logr ~ logr logr ' 

so that the logarithmic growth exponents of groups are independent of the choice 
of a particular representative 6r,s(^)5 i-e. the choice of generating set. Note that 
if heir) ~ e^", then a{G) = a but the converse is not true, as shown by functions 
gr" (log r)p £qj, g^j^y value of p. In particular, the growth functions of the groups studied 
here are not computed, but only their logarithmic growth exponents. 

The article is structured as follows. Sections 2 and 3 are devoted to the description 
of the involved groups F^^, and in particular the notion of activity of a representa- 
tive word. Section 4 presents the three main tools of estimation for growth. The 
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activity of words is studied in section 5 to derive precise growth estimates, i.e. con- 
struct groups with a given logarithmic growth exponent. Oscillation phenomena are 
studied in sections 7 and 8, which permits to explain the existence of antichains of 
growth functions. Some explicit estimates on the frequency of oscillation are given. 
A few comments and some questions conclude the article. 

Note that close results have been obtained, but not yet published, by Bartholdi 
and Erschler. 

2. The groups involved 

2.1. Definition. Following Grigorchuk [Gril], associate to each given sequence u = 
U0UJ1U2 ... in {0, 1,2}^ a group G^ of automorphism of a binary rooted tree T, 
generated by four elements G^ = (a, 6^;, c^, (io;), defined via the wreath product 
isomorphism: 

(1) Aut{T) ^ Aut{T) I S2 = {Aut{T) x Aut{T)) x ^2, 

where 5*2 acts on the product by permuting components. The generator a = (1, 1)5, 
where e is non-identity in S2, is independent of u and only acts at the root of T. 
The three other generators are defined recursively by: 

(2) b^ = (^^(wo), b„^), c^ = (u'^iuo), Cau), d^ = (m'^(wo), d^^j), 
where a is the shift of sequence cxu = 001OO2 ■ ■ ■ and: 

The group G^^ is defined by the sequence u which rules the embeddings G^ ^-)- 
Gau) I 82- The following relations are easily checked: 

(4) a"^ = bl = cl = dl = b^c^d^ = id. 

In particular, the group generated by bi^,Cuj, d^i is a Klein group V = S2 ^ S2 and 
each of the four generators has order 2 (unless u is constant), so they generate 
Gui as a quotient semigroup of Vt^i = {a, &tj, Ctj, (i(^}*, the free semigroup of words 
in the generators with concatenation as product. Also note that conjugating by a 
exchanges the components on the two subtrees, in particular: 

(5) ab^a = (6^^, u''{ujo)), ac^a = (c^^, u^iuo)), ad^a = {d„^, m*(wo))- 

Now following [BE], let p = 1°^ G dT be the rightmost geodesic ray out of the 
root of T. Note that bi_j,Cuj, d^j fix p independently of u. Denote X = pG^j the right 
orbit of p under G^. The permutational wreath product of G^ and another group 
F over X is the group: 

T^ = FlxG^ = {j:xF)y<G^, 

where T^xF is the group of finitely supported functions (/? : X — )■ F, on which 
G(^ acts on the left by {g.ip){x) = (p{xg), and in particular the supports satisfy 
supp{g.ip) = supp{ip)g~^. The elements are denoted ipg for ip G T,xF and g G G^^. 
The computation rule is {<^igi){<^2g2) = (9?i(fi'i-V'2))(fi'ifl'2)- Throughout the present 
article, assume the group F is finite. 
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As a generating set, use S^j = {a} U {ffvlv G {idG^,buj,Cuj,duj}, f G F}. Note 
that pv = p, so [v^/ji'] = idr^ and the set {ffv} generates a finite subgroup in F^^, 
which is abstractly isomorphic to F x V". 

2.2. A short history. The groups G^j are commensurable with some groups intro- 
duced by Aleshin -see [Ale], where automata techniques were used to solve Burnside's 
problem. The groups G^^ and especially ^(012)°° have been widely studied under the 
impulse of Grigorchuk, especially since they provide the essentially only known ex- 
emples of groups of intermediate growth ([Barl], [Bar2], [BS], [Bri], [Ersl], [Ers2], 
[Ers3], [Gril], [Gri2], [MP], [Zuk]). In particular, the best known estimates on the 
growth of G(oi2)°° are: 

Theorem 2.1. 



^0.5207 

'-^ "^(012)°° \' J r~u 






The upper bound comes from [Barl] (see also [MP]) and the lower bound from 
[Bri] (see also [Bar2], [Leo]). The estimation on the growth exponents of G^ is 
tightly related to the contraction of the length of reduced words w = {wq, wi) under 
the wreath product decomposition (1). If for all reduced words, |wo| + l""^!! is a large 
contraction of \w\, the upper growth exponent is small. If for all pairs of reduced 
words, |w| is a small dilatation of \wq\ + \wi\, the lower growth exponent is big. As 
it turns out, the study of dilatation of pair of words is delicate to handle, explaining 
the large gap between the upper and lower exponents of G'(oi2)°°- 

In [BE], Bartholdi and Erschler have bypassed this problem, considering (among 
others) the group F Ix G(oi2)°°, where F is any finite group, for which they prove: 

Theorem 2.2. [BE] 

"FixG^oi2)o^ (^r j ~ e . 

In short, if the upper estimates still apply, the use of permutational wreath prod- 
uct permits to obtain a good lower bound from small dilatation of some pairs of 
words. The techniques developed in [BE] are not restricted to the specific sequence 
u = (012)°°, and can provide a good understanding of growth of F^^ for rotating 
sequences u, as explained below. The construction of an appropriate sequence u{a) 
or u{a,/3) will be the key point to prove Theorem 1.1. 

3. A DESCRIPTION OF THE GROUPS 

This section aims at giving description of the group T^^ = F Ix G^j- 

Lemma 3.1. The group T^^ = F Ix G^ embeds cannonically into the finite permu- 
tational wreath product T^^ I 82- More precisely, the application $.■ 

Tlj "-^ ^auj I S2 

a t-T- (1, l)a 
is an injective morphism of groups. 



GROWTH BEHAVIORS IN THE RANGE e'' 5 

Any 7 in T^^ is decomposed 7 = ipg, with (7 G Go; and ip : X —> F. The 
classical embedding G^ "^ Gg-w ? 'S'2 provides a decomposition (7 = {go,gi)a. Also 
the boundary of the tree can be decomposed into two components dT = OTq U dTi 
with Tt the tree descended from the first level vertex t. In particular, the orbit X 
inherits this decomposition into X = Xq U Xi. Set (pt = 'filxt the restriction of (/? to 
the subset Xt of the orbit X. With these notations, the application $ is given by: 

•^(7) = ivo9o, vi9i)cr e r^ I S2. 

In order to prove the lemma, it is sufficient to check that $(77') = $(7) $(7'). 

Proof. On the one hand, 77' = ^pg^p'g' = ip{g.ip')gg' = ipgg', with ip = ip{g.ip'). As 
above set V'j = ij\xt, and as gg' = (fi'ofi'^(o))fi'i5'a(i))^^'' ^^e embedding is: 

$(77') = (^o»(0),^l^l^a(l))^^'- 

On the other hand: 

= {V090V'a{0)9a{0)^'Pl9lV'aa)9ail))(^(^' 

= {M90-V'a{0))909a{0)^ fl{9l-V'a{l))9l9a{l))(^(^' 

There remains to check ipt = 'Pt{9t-<p'^(t\), and indeed for any y & Xt ^ X: 
My) = i'ity) = {v{9-f')){ty) = (p{ty){{g.ip'){ty)) = ip{ty)ip'{ty.g) 

= vity)v\(^it){y-9t)) = My)^'a(t)iy-9t) = My)i9t-v'ait))iy)- 

D 

The embedding ip : T^ --^ T^i^ I S2 can also be used at the word level. Let us 
describe the rewriting process of a given word of the form w = a^^kiak2 . . . akra'^^, 
for ki = ipf^Vi in {ffvlv G {id,b^,c^,d^}, f G F}, which is said pre-reduced. Note 
that any reduced representative word in F^^ has this form. 

Any such word can be rewritten w = kik2k1ki . . . krd^'-^ or w = kik2 ■ ■ ■ kra'^'^ , 
where ij G {0, 1}. Note also that k = (pfV^ = {u^{uo), fpfV^^) = {u'"{uo), k) and k"- = 
{k,u^{uJo)) and remind u'"{uJo) G {id, a}. This permits to rewrite w = {wo,Wi)cr{w) 
via the wreath product embedding, and Wq, Wi appear as products of the type Wq = 
a^i/c2a'^^/i;4 . . . kr and wi = kia^'^ . . . a^'' for Sj G {0, 1}. Now reduce wq, wi to obtain 
pre-reduced words in S^^}, by using the rule kta^ki+i = hki+i = ipf^Viipf.^-^^Vi+i = 
ViM.+i){viVi+i). 

The rewritting process associates to w this representation w = {wQ,Wi)a{w) 
where a{w) is the image of w in the quotient group S2 acting at the root. 

The process can be iterated, which provides for any level p a representation w = 
{wi, . . . ,W2p)<Jp{w) with Wi pre-reduced words in S^jp^^ and a-p{w) G Aut(T2{p)) = 
S2I ■ ■ ■ I S2 with p factors describes the action of w on the subtree T2{p) consisting 
of the first p levels. 

Definition 3.2. Given a pre-reduced word w in S^j, define T{w), called minimal 
tree of w, to be the minimal regular rooted subtree of T such that for any leaf z in 
dT{w), one has \wz\pr < 1 for the word Wz obtained by iterated rewritting process. 




dT2 

Figure 1. Description of the action of a word w via the minimal tree T{w) 

where \w\pr is the number of factors ki = ^f^vi in a pre-reduced word Wz- Remind 
that a subtree T is rooted if it contains the root and regular if any vertex in T either 
has its two descendants in T or none of them. Note that the leaves of dT{w) have 
depth at most log2 \w\ because Wo,Wi have length < '^'^ . 

The tree T{w) allows a nice description of the action of a word w in F^^ on 
T. Indeed, the group element 7 =r„ w is described by the following data. First 
the minimal tree T{w), secondly the permutations a^ G S2 describing the action 
at vertex v in the interior of T{w) and third the short words Wz = a^^'ipf^Vza^'' for 
z G dT{w). The latter can be refined in the tree action a'^'Vza^'' as an automorphism 
of Tz the subtree issued from the vertex z and the boundary function (p{x) = idp 
for all X edTz\ {zez{l)p} and ip{zez{l)p) = fz- 

Call z G dT{w) an active leaf ii \wz\pr = 1, an inactive leaf ii \wz\pr = 0, denote 
S{w) the set of active leaves of w, and s{w) = 4^S{w) its size. Mind that if z is 
inactive then Wz = a^^ G S2 is just a permutation. Note also that regarding the 
rules of rewritting process \ipidp\pr = 1 so that an active leaf does not necessarily act 
on the tree, nor its boundary (see figure 1). 

However, it appears from the description above that the support of (^ : X — )■ F 
associated to w is included in {zez{l)p\z is an active leaf}. Call this set the support 
a priorioiip, denoted supp'^'^ {(f) . Note that for w = a^^ipf^via . . . aipf^Vra"^^, if ii, ^2, Vj 
are kept fixed and (/i, . . . , fr) are taking all possible values, then any function with 
support included in supp°'^{(p) can be obtained. In particular, the support a priori of 
the function (p for the word w depends only on the image in the quotient F^^ — )■ G^, 
w ^-^ g = a^^via . . . aVr-d^'^ . 

Remark 3.3. In order to clarify the notion of support a priori, let us introduce a 
notion associated to the word combinatorics of the rewritting process of a fixed word 
w. For z an active leaf of T{w), the rewritting process provides fz as a product of 
terms /f in Wz' (where z' is the first ascendant of z), which are themselves products 
of terms /J in Wz", etc. so eventually fz is a product of terms {fj)j£j{z) for a subset 
J{z) C {1, . . . , r}. Note that in this situation: U^esfe) '^('^) = {I5 • • • 5 ''"}• 
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More generally, if y is a vertex of T, the rewritting process of w provides Wy = 
a'^iipfwfa . . . aipfv Vyva^'^, and each factor /f is obtained as an ordered product: 

(6) f'= U ff^ 

where y' is the first ascendant of y, and L\I{y,i) = {!,... ,ry'} where the disjoint 
union runs over all direct descendants y of y' and i G {1, . . . , Vy}. 

Now the graph with vertex set {ff)y<^T,iG{i,...,ry} and edges pairs of elements ap- 
pearing on different sides of all possible products (6) is a forest, called the ascendance 
forest of w. It describes the combinatorics of the rewritting process of the word w. 
It depends only on g = a^^via . . .aVrd^"^- Precisely, this graph is a finite union of 
trees rooted in fz for each z G S{w) and with respective sets of leaves {fj\j G J{z)}. 
The ordered product fz = Y[j<^j(z) fj shows that indeed, the function ip can take any 
value at the point zez{l)p- 

Proposition 3.4. (Activity of a pre-reduced word) The activity s{w) of a pre-reduced 
word w = a^^ipf-^Via . . . aipf^Vra^"^ in T^^ S^j, which counts equivalently 

(1) the size of the set S{w) of active leaves in the minimal tree T{w), 

(2) the number of components (i.e. trees) in the ascendance forest ofw, 

(3) the size of the support a priori supp"'P{ip), 

(4) the size of the inverted orbit 0{g'^) of the word g'^ in the sense of [BE], 

depends only on the word w_ = a^^Via . . . aVrd^"^ in G^^ and satisfies under rewritting 
process w = {wo,wi)(7{w), with wo,wi in SaLo-' 

s{w) = s{wo) + s{wi). 

Also there exists a constant C depending only on ^F such that: 

Proof. The equivalence of (1), (2) and (3), as well as the behavior of activity function 
under rewritting process follow from the descriptions above. Proceed by induction 
on r to show equivalence with (4). li w = a'^'^ipf^Via . . .aipf^Vrtt"^^ =Fir VQ then 
wipf^Vn = (p{g.(pf„)gvn. The point g~^{l°°) is added to the support a priori of ip. 
This shows supp^P^i^) = {{a'^vi . . .Vka'^)~^{l'^)\k < n} = 0{g-^). Mind that the 
inverse appears as a difference with [BE] notations, replacing gf by ipg for elements 
oi F iG. Then ipg = {g.f)g and g^^supp{f) = supp{ip). 

There remains only to show that the number of elements described grows at most 
exponentially fast with s{w). First check that 2s{w) > ^dT{w) when s{w) > 1, by 
induction on s{w). If \w\pr = 1, then T{w) is just the root of T. Now if s{w) > 2, 
then s{wo),s{wi) > 1 by pre-reduction of w, so that induction ensures 2s{wt) > 
^dT{wt), and the result follows from ^dT{wo) + 4^dT{wi) > 4^dT{w) by construc- 
tion of minimal trees. Now if s{w) < s, the minimal tree T{w) has size < 2s. There is 
4^* possibilities for T{w) (Catalan numbers), and then 2#"^*°"°''('^('")) < 2^* choices for 
the interior permutations a^ for interior vertices v and finally (2^.4. ^F)*^^^'"^ < C^* 
choices for the boundary short words a'^^'ipf^Vza^' ■ □ 

Corollary 3.5. The relation between word activity and growth function is two-fold: 
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(1) br^{r) > ^F"**^"") for any \w\ < r. 

(2) br (r) < (7max{s(«))|r>|«)|}_ 

In particular, word activity governs the growth function. 
Proof. Point (1) is clear from remark 3.3 and point (2) from proposition 3.4. D 



4. Technics of estimation 

4.1. Growth Lemma. The following lemma is used to estimate upper bounds on 
the growth of activity hence on the growth of groups. It improves on previous 
versions such as the Growth Theorem in [MP] and Lemma 4.3 in [BE] by keeping 
track of the constants in terms of the bound on the sequence p{r) of variable depth 
of recursion. 

Lemma 4.1. Given rj and a parameter A G [0, 1], set a = j— TtwaiTT' '^^ ^^^^ '^ 



satisfies 2 



a 



log(2)-Alog(»?)' 



Let A : N — 7- N 6e a function such that for any r there exists q{r) < p{r) and 
h, . . . , l2P(r) integers such that, for a constant C: 

(1) /i + ■ ■ ■ + l2P(r) < r^'i^'-h + 2PC, 

(2) A(r)< A(/i) + --- + A(/2pm), 

(3) ^ > A. 

Suppose moreover that p{r) < P is hounded. Then A(r) < Lr'^ for some constant 
L = L{C,P). 

Assume given a trivial bound A(r) < Kr. Then L can be chosen L = A^ for A 
depending only on C and K . 



Proof. Choose Rq big, to be determined later. Choose R> Rq large enough so that 
the function: 

[ l + ^(A**(i?)-l) if r<i?, 

is concave (it is also non decreasing). Choose M large enough so that for all r > M, 
^^r > R, and let L > 1 be large enough so that A*(r) = LA**(r) > A(r) for all 
r < M. Let r > M, there exists p{r),q{r),li, with A(/j) < A*(/j) by induction, and 
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using successively (2), induction, concavity of A*, (1) and the choice of M: 

A(r) < A(/i) + --- + A(/2p) 

< A*(/i) + --- + A*(/2p) 

< 2^A*(i(/i + ... + /2.; 

< 2^A*(^i(A + 2^C) 

q\P 

Now J > A ensures ( 2^^ ) < 1, so: 





< Lfr-r2J =A*(r). 
The last inequality holds when r is big enough so that: 

Observe that -r I ^ ) > v^2?7 > 1 so the latter is true when: 






pi 1 p 



2p 2 

which holds when r > a^ = Rq = — ^-^ — with a constant ao depending only on 
C. For P big, R = Rq and so M = ( - J i?o = ( -oo ) • It is sufficient to take 
LA**{M)> KM so L>K (^ao) . D 

4.2. Localization. The asymptotic behavior of the growth of F^ depends on the 
asymptotic of u. On the other hand, the description of a ball of a given radius in F^ 
requires only some first terms of u. The following lemma of localization is helpful 
to study growth of groups F^ for non periodic sequences u. 

Lemma 4.2. Suppose that the sequence u is not asymptotically constant, then the 
ball Br^{r) of radius r for the word norm with respect to the generating set S^j = 
{a}L\{ipfv\v G {idc^, b^j, c^;, d^}}, f E F} depends only on ujquji . . .Uk for k = log2(r). 
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The Cayley graph Cay(T,S) of a group T with generating set S is the colored 
graph with vertices 7 in F and edges (7, 7s) of color s in S. The ball -Br(^) of radius 
r is the subgraph obtained by restriction to vertices and ends of edges such that 
I7I < r for the word norm for S. 

Proof. The ball -Ba;(l) of r^^ for the generating set S^^ is independent of u among 
sequences that are not constant, it consists of the Cayley graph Cay{F x V, F x V) 
together with an edge from the neutral element leading to the vertex a. By proposi- 
tion 3.1, the ball i?r„(^) can be described using B-p^^{^^) and the wreath product 
recursion (2), i.e. Uq. Indeed, an element 7 admits a reduced representative word 
w = a'^^kiak2 ■ ■ ■akr/2(i^^ and so 7 = (7o,7i)£^^ with |7o|, |7i| < ^ by rewritting 
process. By iteration, Br^{r) is described by Br ,. (^ + 1) and uo ■ ■ -OJk- □ 

Remark 4.3. When cj = 0°^ is constant, the generator d^^ acts trivially on the rooted 
tree T, hence is identity, so that the Klein group V degenerates into a group S'2, 
and Gu) = (a,6o°°|o^ = 6^ = id) = D^o is dihedral infinite. However, the whole 
sequence u is required to obtain this information. The group Gqoo obtained by 
"finite information" (concretely as a limit group of G'ofe(oi2)°° for instance) is in fact 
the group Go~ — 'S'2 Ix Gqoo = (dooo) ix (a, 60°°), which is metabelien of exponential 
growth. It played a crucial role in Grigorchuk's construction of antichains of growth 
functions, cf. section 6 in [Gril]. 

4.3. Asymptotic growth. Opposed to localization, the asymptotic behavior of the 
growth depends only on the asymptotic of u. 

Proposition 4.4. For generating sets S^ = {a} U {(Pfv\v G {id, h^, c^, li^}, / G F}, 
the growth function ofr^ = F Ix G^j satisfies for all r: 



fer.J^)<ferJr)<26r (^; 



2 



Also by iteration: 



bv , (^ - 1) < 6r (r) < 2" br , (^ + 1)' . 



Proof. Let '-/ = (pg belong to Br^{r). It admits a minimal representative word 
w =r^ 7 of length r, which is uniquely described after rewritting process as w = 
{wo,Wi)a{w) with \wo\, \wi\ < ^. Conclude that 7 is determined by two elements 
7o,7i in -Br^„(^) and a permutation a{w) in S'2, which proves the upper bound. 

Suppose Wq 7^ 1 and let 70 belong to Br^^{^^). It admits a minimal represen- 
tative word wq = a^^kiak2a . . . akio^'^ of length < ^. Set w = bujkfbuik!^ . . . bJ^IV^ 
if ii = 1 and w = kib'^k2b'^ . . .b'^kiU^"' if ii = of length < r, where kj = (pfV^ 
for kj = ^Pf-vi^. Proposition 3.1 and relations (2) from section 2.1 guarantee that 
w = {wQ,wi)a{w) for some wi,(7{w). Now if w =r^ w', then wq =r<^„ w'q, so that 
-Br^^(^) injects into Br^{r). (Note that when uq = 1, the same computation 
works if b^ is replaced hj d^.) D 
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5. Activity and growth 

5.1. Activity of some words and lower bound on growth. Proposition 4.7 in 
[BE] generalizes as: 

Proposition 5.1. Denote: 

/ 2 1 
Ao= 2 1 I ,Ai= I 1 I ,^2 






There is C > such that for any k, there is a word Wk in T^, S^j such that s{wk) > 2^ 
and \wk\ < C||A^„ . . . A^^J|. 

Proof. Consider the subsemigroup Q'^ = {abuj,aCuj,aduj}* C Q^, and define the pull 
back substitution ( : Q'^^ — )■ Q'^ by: 



C{ab„u) = 


= ab^ab^ 


C(ac<x.u) = 


= acujacuj 


C{ad„^) = 


= ab^adu^ac^ 


if Wo = 


= 0, 


({aKuj) = 


= ab^ab^ 


C{ac„u>) = 


= adu,acu,ab^ 


({adauj) = 


= ad^ad^ 


if Wo = 


= 1, 


((abau) = 


= ac^ab^ad^ 


C{acau) = 


= ac^ac^ 


Ciad^w) = 


= ad^ad^ 


if Wo = 


= 2. 



Such a pull back substitution is designed so that ({au) = {ua, au) when au is apre- 
reduced word containing an even number of f 's (where f = d if wq = 0, f = c if 
Wo = 1 and f = 6 if wo = 2). Indeed, the following relations hold (take wq = 0, 
similar otherwise): 

C{ab) = abab = {ba, ab), baba = {ab, ba), 

C{ac) = acac = {ca, ac), caca = {ac, ca), 

C{ad) = abadac = {d, ada)a, badaca = {ada, d)a. 

The pull back of Vau) furnishes v^i on both components of the wreath product. The 
a's behave conveniently under the parity condition. 

Given a word wq = auo in ^'^k^^, define by induction ({auk-i) = auk = Wfc G ^L- 
The initial word uq can be chosen among the generators {b^k^^c^k^^dfjk^} so that 
C(a'Uo) = avav for another generator v of G^k-i^., so that ({auk) always has an even 
number of f 's, and the inverted orbit of aUk can be studied by induction via: 

C(a-Ufc-i) = auk = {uk-ia, auk-i) and -UfcO = {auk-i,Uk^ia). 

Proposition 3.4 now ensures that: 

s{auk) > s{auk-i) + s{uk-ia) and s{uka) > s{uk-ia) + s{auk-i), 

which is integrated in s{auk) > 2'^. 

To estimate the length of Wk = C{wk-i), it is sufficient to count the numbers 
{"^Ib^y I'W^lcu;? {"^Id^ of generators bi^.c^^.d^ appearing in w, since the total length is 
controlled by \w\ < 2(|w|b^ + \w\c^ + Iwl^^). The construction of the pull back 
substitution (^ provides the relations: 
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for the matrices ^0,^1,^2, and eventually by induction: 

\wo\b fe 

kold fc 

so that |wfc| < C||A^„ . . . A^^J|. D 

The matrices Aq, Ai, A2 are cyclic conjugates A\ = CAoC~^ and A2 = C~^AqC = 
CAiC-\ so that A^Mt^s' ■ ■ • = A'^'CA^^^CA^o' . . . with 

C = 



1 \ 




/ 1 2 


1 


\,AoC = 


1 2 


10 0/ 




\ 1 



The matrix AqC has caracteristic polynomial X^ — X^ — 2X — 4 with positive real 
root -, and two complex conjugate roots of smaller absolute value, hence spectral 

radius p{AqC) = -. (Remind that 1] is the positive root of X^ + X^ + X — 2.) 
Examples 5.2. (1) For u = (012)°^, the spectral radius theorem gives: 



2\ k 



A.o---^-JI < \\{AoC)''^'\\<Cp{AoCf = C 

(2) For other periodic sequences, similar bounds are obtained, as for instance 
cu = (001122)°^, then: 

\\A^,...A^J\<\\{AlC)'i'\\<Cp{AlC)^, 

where the spectral radius piA"^) ^ 5.63 is the positive root of X^ — 3X^ — 
12X-16. 

Such estimates for periodic sequences are not usually sharp enough. The following 
lemma is useful for the present purpose: 

Lemma 5.3. Let uj = 0'"i(012)"i0™2(012)"2 . . . , with mi,ni -^ 00. There exists a 
constant C , such that for every e > and k = ^11=1 "^* + 3nj big enough: 

/ 2 \ •^ S "' 

Proof. By the spectral radius theorem, there exists C such that ||A™|| < Cp(Ao)"* 
and ||(AoC)3"|| < Cp{AoC)^'\ so: 

\\A^,...A^J\ < P™HAoC)3"M™^(AoC)3"^..|| 

where j = o{k) since mj, n-i — )• 00. D 

Note that if mi,ni are of the order logi, then j ^ j^, and if mi,ni are of the 
order i^, then j ^ /c^+i . 
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5.2. Activity of all words and upper bound on growth. Say a sequence oo = 
UqUiU2 ... in {0, 1, 2}^ is rotating if coi^i G {coi, Ui + 1} mod 3 for all i. Remind that 
Tj is the positive root of X^ +X^ + X — 2. Adapting [Barl] to rotating sequences u, 
define a length on G^^ by assigning weights to the generating set {a,b^,c^,d^). Set 
||a|| = 1 — 1]^ and: 

ifa;o = 0, \\bj\=r]^, ||c^|| = 1 - r^^, \\dj\ = l-ri, 

ifa;o = l, \\buj\\ = I - r]"^ , ||c^|| = l-r7, \\d^\\=r]^, 
if Wo = 2, ||6^|| = 1-?^, \\c^\\=r]^^ \\d^\\ = l-r]'^. 

This defines a length on G^^ for which the minimal representative words are pre- 
reduced [r] is chosen so that this is the case, see lemma 4.1 in [Barl]), which is 
obviously equivalent to the usual word length ^|w| < ||w|| < C\w\, and designed so 
that if Wi = Wo + 1, then: 

efe(wo)||a|| + ll^ac^ll = r^dlall + ||6^||), 

£:c(wo)||a|| + ||c<^a;|| = ?7(||a|| + llc^^ll), 

ed(wo)||a|| + ||rf^a;|| = r^dlall + llrf^ll), 

/o\ /i\ /o\ /i\ (o\ (o\ 

where: Eb \ 1 \ = \ 1 ' ^c ^ = ^ ' ^'^ ^ \ ^ \ ^ , and if Wo = 
V2/ \0j \2j \lj \2j \lj 

Ui, then the factor r] on the right-hand sides disappears. 

This length on G^^ can be extended to a function on the set of words in the 
generating set (S^^) ofT^^ by ||v5/f|| = ||f || if w G {b^,c^,d^} and ||v?/«(i|| = 0. Note 
that even though | |ti;| | is not a length on F^ it is still equivalent to the length of pre- 
reduced words, i.e. -^\w\ < \\w\\ < C\w\, because iiw = a^^ipf^Viaipf^V2 ■ ■ ■ aip f^VrO^'^ , 
then \\w\\ = WwW for w = a^^viav2 ■ ■ ■ avra^^, which is bilipschitz equivalent to r. 

The following statement generalizes Lemma 4.2 in [BE]. 

Lemma 5.4. Let w be a pre-reduced word of T^, S^j with rewritting process giving 
w = {wo,Wi)e^, then: 

Ikoll + lkill <v''^'""''"'^\H\ + c, 

where G = "^Hall, q{uo,uJi) = if uji = uq, q{uJo,uJi) = 1 if Ui = uq + I and the 
left-handside lengths are in Fo-cj, the right-hand side one in F^^. 

Proof. The inequalities for w = {wq,w-j)(7{w) in Gi^ and Gcrw are obvious by con- 
struction of the length 1 1 . 1 1 , i.e. by choice of tj. They still apply to pre-reduced words 

in F(^ and Fo-^. D 

In order to estimate the growth function from above, the word activity function 

s^{r) = ma.x{s{w)\w G (F^, S"^), \w\ < r} 

will be usefull. However, it is smoother to estimate first the bilipschitz equivalent 
auxiliary 

A(^(r) = m.ax{s{w)\w is pre-reduced, ||w|| < r}. 

Fact 5.5. For any r, there exists Iq, h integers such that: 
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(1) A^(r) < A,^(/o) + A,^(/i), and 

(2) lo + li< r^^^^O'^iV + C. 

By induction, there exists li, . . . ,l2P integers such that: 

(1) A^(r) < A,p^(/i) + ■ ■ ■ + A,p^(/2P), and 

(2) /i + ■ ■ ■ + /2P < 7^'?('^()'---''^p)r + 2^+^(7, tt;/iere q{oJo, . . . , Wp) is t/ie number of i 
such that Wj+i = Ui + 1 mod 2. 

Proof. The maximum is realized for a certain word w, for which the rewritting 
process furnishes w = {wo,Wi)a-{w) with Iq = \\wo\\ and /i = \\wi\\ such that 
^0 + ^1 < ^^*^'^«''^^^||ti7|| + C by lemma 5.4. Thus: 

A^(r) = s{w) = s{wo) + s{wi) < A,^(/o) + A,^(/i). 

D 

Proposition 5.6. Suppose u is such that for all i, there exists p{i) < P such that 
q{ui, . . . , uji+p(i)) = q{i) and ^>\, then: 

P.. .„„„ log(2) 



log6r^(r) < A r", for a 



log(2)-Alog(r7)- 



a 



In particular, if oj is p-periodic and g(co'o, . . . ^ojp) = q, then log6r„(^) < -^^" for 

_ log(2) 



log(2)-aiog(r,)- 



Proof. Set A(r) = sup{Ao-P(^(r)|p G N}. Fact 5.5 provides the existence of /i + ■ — h 

kp < r7«('^0'-''^p)r + 2PC such that A(r) < A(/i) H h A(/2p), and so by lemma 4.1 

there is a constant A such that A(r) < A^r", so that ^^^(r) < A^r"' (mind that 
there is a trivial bound A(r) < Kr because the activity is bounded by the word 
length). Now corollary 3.5 shows log6r„(^) < A^r". D 



6. Precise growth estimates 

The particular case of theorem 1.1 can now be derived. Recall that a^ is such 
that 2= (^jY"- 

Theorem 6.1. For any a G [cto? 1]; there exists a sequence u {a) such thata(T^(^a)) = 
a, i.e. 

log log 6r , Ar) 

hm — = a. 

logr 

Proof. Given a, take A in [0, 1] such that 2 = (4r)"- Consider a sequence of the form 
CO = 0™i (012)"i0'"2 (012)"2 .... Denote the ith period p^ = m^ + Sn^ and qi = Stu the 
number of steps of rotation of u, and assume both tend to infinity. Suppose moreover 
that — > A for each i and — — )■ A, so that '^l^iPi = kj and '^f^i qi = \kj + o{kj). 
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Lemma 4.2 of localization allows to use proposition 5.6 for P depending on the 
scale r. Indeed, bY^ij-) depends only on Wq, . . . , cj/c for /c = log2(r), for which Pi < 
P{k), so that: 

log6rJr) < A^Wr"<r"+^ 

as soon as P{k) < elog^(r). In particular, if u is chosen such that P{k) = 
o(log(r)) = o{k), the required upper bound holds: aiT^^) < a. 

Concerning lower estimates, the word Wk introduced in proposition 5.1 has length 
bounded by (lemma 5.3): 

\wk,\ < C"^—- <C^^^^ ( — ] <{ — 

fj2 



^T,Ll<l^ \V^ J \V^ 



kj{l+e) 



Now lemma 3.5 ensures, for ^ j = ( 4: 

r;+^ = 2^^ < sK) < log&rjkfcj) < log&r. I f -J 1 = logfcrjr,). 



{l+e)kj 



Interpolating for rj<r< r^+i gives: 

2 \ ""^^' ^ /^ 2 ^ ""^^ 



log6(r) > log6(rj) > rj+= = rj^ — > rir? _ ) > r"-^^ 



where the last inequality holds for large r since p^+i < P{k) = o{k) = o(logr). As 
e is arbitrary, a{ri^) > a for any such sequence u. D 

Remark 6.2. Obviously, the computation of the exact growth exponent a{G) = a 
does not imply that bcir) ^ e"^" . The precise estimates obtained with the proof 
above are (for rj<r< Tj+i): 

where e(j) = (X]i=i Q'j) ^ -^% = '^(j) i^ ^^^^ error on the rationnal approximation of 
A by greater values. Taking pi of the order logi, and thus j of the order ^^ °fj ^ , one 
obtains for some A: 

A _l_ ^ ^°S log ^ 

r"~ '°g '°g '" < log6(^(r) < r '°sr ^ 
and taking pi of the order i^ for < ^ < 1, thus j of order (logr) «+! , one obtains: 

9 1 



7. Oscillation phenomena 

7.1. Groups with oscillating logarithmic growth exponents. The oscillation 
of logarithmic exponents of growth function is the phenomenon that underlies the 
construction of antichains of growth function in section 7 of [Gril] and of "fast 
intermediate" growth in [Ers3]. It was studied for its own interest in the second 
chapter of [Bri]. Theorem 6.1 allows a better understanding. 
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Theorem 7.1. For any a < /3 G [«o?l]; there exists a sequence u{a,P) such that 
tt(ra;(Q,/3)) = a anda{r^(^a,p)) = (5, i.e. 

log log 6r / «^(^) log log 6r , «S^) 

limmi = a and limsup —^ = p. 

log r log r 



To ease notations, hY-^{r) = h,^{r) from now on. 

Proof. Take w(a,/3) = w(a)|o...miW(/3)|mi+i...niW(tt)|ni+i...m2w(/3)|m2+i...n2 • • • for some 
sequences mi,ni tending to infinity. Such a choice ensures that: 

a < «(r^(a,/3)) and a{T^(a,i3)) < P- 

If rrij, Hi tend to infinity sufficiently fast, these inequalities become equalities. Indeed, 
take Si — > 0, and construct ri.,r^ such that: 

loglog6(ri) loglog6(r^) 

— <a + ei and — ; > p - £i- 

log r j log r • 

By localization 4.2, left inequality holds for all ^10...™; = '^(«,/9)|o...mi and right 
inequality for all cJio...™, = i^(a, /3)|o...ni with log2ri = mi and log2r^ = rii. 

Assume by induction that mj,nj are constructed for j < i and construct mj+i = 
logr^+i. Take u' = a;(Q;,/9)|o...niCi;(Q;)|„,+i.... By proposition 4.4 on asymptotic 
growth: 

so that: 

log log b^> (r) log log 6^(„) (r + 2"'+^) + n^ log 2 log log 6^(„) (r) 
log r log r log r 

and there exists rj+i as required. Set mj+i = log2(rj_|_i). 

Now construct n^+i = log2(r^+i). Take u" = a;(a,/3)|o...m,+iW(/3)|m,+i+i.... Again 
proposition 4.4: 

6."(r) > &.-+i."(^ - 1) = ^.-+^.(/3)(^ - 1) > ^&.(^)(r - 2™-^+i)i-^, 

so that: 

log log 5^/^^ (r) loglog6^(;3)(r-2"^'+^+i) -m,+ilog2 
log r log r 

and there exists r'-^-^ and rij+i = log2r^4,i. □ 

7.2. Antichains of growth functions. The following result is a slight improve- 
ment of Theorem 7.2 in [Gril], which shows the existence of antichains of interme- 
diate growth functions accumulating to e^. 

Theorem 7.2. For any a^ < a < /3 < 1, there exists uncountably many groups T^^ 
with pairwise non comparable growth functions (such a collection of groups is called 
an antichain) satisfying a(r^) = a and a{VS) = (3. 

Moreover, if (5 < (5' <\, such an antichain can be chosen so that b^{r) < Ce^ 
for a constant C depending only on /3,/3' and not on u. 
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Lemma 7.3. Given ao < a < f3 < 1, there exists an application u from the set 
J^{N,{a, f3}) of functions / : N — )■ {a,/3} to the Cantor space of infinite sequences 
{0, 1, 2}^, and there exists sequences rj — > oo and ^^ > e^ — )■ such that: 

(1) a(ra,(/)) = a anda(T^(^f)) = (3, 

(2) ^°^'tr^"^ >/3-e..//(^)=A 

Proof of theorem 7.2. There are uncountably many functions ,^ : N x N — )> {a,P} 
such that ^{x, y) = a imphes ^(x, y + 1) = /3 and ^(x, y) = f3 imphes ^(x, y + l) = a. 
Any bijection y? : N — > N x N, provides an injection ^ i— )■ /§ by f^{i) = C,o ip{i). Now 
given ^1 7^ ^2, if /ci(0 < /^l^)' there exists j > i such that /^aO) < fiiU)- Lemma 
7.3 ensures that b^(f^ )(r) and ^(^(/j )(^) are not comparable. D 

Proof of lemma 7. 3. The proof of this lemma is a variation on the proof of theorem 
7.1. Pick: 

W(/) = w(/(0))|o...moW(/(l))|mo+l...mi^(/(2))|mi+l...m2 • • • 

for a sequence rrii = log2(rj) increasing sufficiently fast. Mind that this guarantees a 
uniform upper bound °^ "f^ "^^'^^ ^ < /3+£^ = /?' for any e and r big enough (depending 
on 5). 

Assume by induction rrij and Tj constructed for j < i and consider: 

u' = cj(/(0))|o...™o---w(/(0)|m.-i+i...m.^(a)K+i..., 

As above, proposition 4.4 on asymptotic growth provides: 

bAr) < 2'-'b^ar + 2"'''''r\ 

so that there exists rj+i, independent of (/(O), . . . , /(«)), such that: 

< « + Si, 



log 


log 6a; 


'(r, 


^+1) 


log 


logri+i 

log 6a;" (^, 


^+1) 



log n+i 

and this is true for any sequence u coinciding with u', u" on the ttij+i = log2 rj+i 
first values. D 

Remark 7.4. The idea behind the proof of theorem 7.1, is that the asymptotic be- 
havior of the growth function b^{r) of the group To; depends only on the asymptotic 
of the defining sequence u, whereas locally a ball of given radius depends only on 
some first terms of u. This permits to produce scales at which the growth function 
is essentially e*"" and others at which it is essentially e*" , thus explaining oscillation 
between this two behaviors. Of course, the process can be used to produce a variety 
of different behaviors at different scales, for instance scales Si at which Fa; seems 
to have growth e^^' for countably many ctj G [ao, 1], intertwined with scales Sj at 
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which r^ seems to have growth oscillating between e^ ^ and e^ '' . The only point is 
to allow enough "time" so that the behavior at scale Si or Sj becomes visible, i.e. 
functions mi,ni in the proofs above increasing sufficiently fast. 

8. Frequency of oscillations 

This section aims at studying the frequency of oscillations for groups of the type 
r^^. The main question is to maximize the frequency of oscillation between two given 
bounds, or equivalently to minimize the period. 

8.1. Group invariants associated to oscillation. Given a < (3 and a Lipschitz 
function 6 : N — )> N, define the upper set U{a, (3) and lower set L{a, (3) of h for a, [3 
to be: 

U{a,P) = {s e N|1^S^SM > p} and L(a,/3) = {t e N|i^S^ < ^y 

Note that °^j°^g > /? is equivalent to log6(s) > s^ and °^^°^^ ^ ' < a is equivalent 
to log6(t) < r. 

Property 8.1. Let a < (3 and 6 : N — )> N &e a Lipschitz function, then: 

(1) L{a, f3) U U{a,f3) C N, and the inclusion is strict if both upper and lower 
sets are infinite. 

(2) Assume a' < a < (3 < (3' then: 

L{a', /3) C L{a, /3) and U{a, /3') C U{a, /3), 
and the inclusions are strict if both upper and lower sets are infinite. 

Note that when 6(r) = br{r) is the growth function of a finitely generated group 
r such that «(r) < a < f3 < a(T), then both upper and lower sets are infinite. 

Property (1) allows to decompose U = \_\JLo ^j ^^'^ ^ ~ Ujlo ^j ^^^^ that: 

(1) Ui,Li are non empty, 

(2) for any s G f/j, then s > maxUj<j_iLj and s < rainUj>iLj, 

(3) for any t G Li, then t > maxUj<jf/j and t < minUj>j_|_if/j. 

Call this decomposition alternating (see figure 2). 

In order to study oscillation, set Sj = minf/j, s[ = maxf/j, tj = minLj and 
t[ = maxLj. The upper pseudo period function u is the partially defined Sj+i = u{t'-) 
and the lower pseudo period function I is the partially defined tj = /(s'J. In order to 
investigate how small these functions can be, define: 

Ua,(5 = inf{z/|3io,Vi > io,Si+i < {t[y} and la,(5 = mi{X\3io,'^i > io,ti < (s-)^}- 

Equivalently: 

,. logSj+i logtj 
Ua 8 = lim sup — — and la b = hm sup -. 

i^oo logfj ' i^oo logs- 

The following fact provides estimates on the pseudo period functions that any 
growth function of infinite group must satisfy. 
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Figure 2. Upper and lower sets f/(a;,/3) and L{a,f3) seen by draw- 
ing the curve f{r) = -2iJ^i-i!2_ 



Fact 8.2. Consider a < [5 and a function 6 : N — ?■ N, then: 

(1) if b{r) is suhmultiplicative, Ua^p > j^ > 1, 

(2) ifb(r) is increasing, l^^p > - > 1. 

Proof. Suppose log6(t) < t". Submultiplicativity implies log6(A;t) < /ct", so that 

log6(A;t) > [ktY forces /ct" > {ktY hence kt > t^^^^ . Now suppose log6(s) > s^, 
then log 6(t) < r forces t" > s^. D 

By property (2), given a" < a' < f3' < f3", one has Uai'^p" > Ua',i3' and la",i3" > 
la', (5'- This permits the: 

Definition 8.3. The upper pseudo period exponent u(a, /3) and the lower pseudo 
period exponent l{a, f3) of a function b{r) are: 

u{a, f3) = lim Ua',i3', and /(«,/?)= lim la',i3'- 
a' — )■ q;"^ a' — 7- a+ 



/3'^/3- 



/?'->/?- 



Remind notation a' — )> a^ (respectively f3' ^ /3 ) for a' — )> a and a' > a (respec- 
tively /?' -> /3 and f3' <f3). 

This definition is appropriate because it permits to define ^(^(r), a(r)) and 
/(a(r),a(r)) associated to the growth function br{r) even though the upper and 
lower sets U{a{T),a{T)) and L{a{T),a{T)) may be empty. Also: 

Proposition 8.4. The upper and lower pseudo period exponents u{a, (3) and l{a, (3) 
are group invariants. 

Proof. In order to show the exponents are not perturbed by change of generating 
set, consider a function b'{r) such that there exists C with 6(^) < 6'(r) < b{Cr). 
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Then L(^')(a',/3') = {t|log6'(t) < t"'} C {t|log6(^) < t"'} = C{x\\ogb{x) < 
C" x" }. But given any a" > a' and x large enough, one has C" x" < x" , so that if 
X large enough belongs to L^^ \oi', 13'), then x belongs to CL^^\a", (3"). Similarly, for 
any (3" < /?', large enough y that belong to U^^'\a\ (3') also belong to ^U''^\a\ l3"). 

This permits to deduce that there is a j such that: 



logtA" '{a', 13') logt/^(a", /3") + logC 

t 

''a', 13' — "'a",l3" 



SO that Uf^ig, > u^^i, B" f*^^ ^'^y <^' < <^" < /^" < /^'' which implies ■u*^*'^(q;, /3) > 



■u*-^^(a;,/3), and equality holds by symetry. Similar proof for l{a,l3). D 

Remark 8.5. Given a < P, one can similarly define the pseudo period exponent of 
oscillations for a function 6(r), by p{a, (3) = limpa'^is' for Pa',i3' = limsup -^]|^7^, and 
it is a group invariant for br{r). However, it is not true a priori that replacing Sj by 
ti, t[ or s[ would provide the same exponent. 

8.2. Estimates on pseudo-period. Theorem 6.1 shows that for any 7 G [«0) 1] 
there exists a group r(^(^) such that: 

-^r^-^<log6^(^)(r)<C,r^+^ 

where e > is arbitrary and Cg depends only on e. 

Suppose that \ogb^(t) = t" for some t. This fact depends only on (co'i)^o ^^^ 
m = log2 1 by localization. Now consider the group F^/ for the sequence u' = 
Uq . . .Um<^{'y)\m+i..., for some 7 > /3 > a. By proposition 4.4 on asymptotic growth, 
one has: 

\ogb^'{s) > i-log6^(,)(s - 2™+i - log2) > ^(s - 2t)^-^ 
so that for any (3' < (3 and 5 small enough: 

R' 1 1 

min{s| log6a;'(s) > s'^ } < C^t^-^-'S' + o(t^^^^^). 

Conversely suppose that log6tj(s) = s'^ for some s, which depends only on (wj)^=o 
for n = log2 s, and consider the group F^// for the sequence oj" = ojq . . . a;„cj(5)|„+i... 
for some 5 < a < (3. As above, one has: 

log6."(t) < 2"(log6^(5)(t + 2"+i) + log 2) < Cesit + 2s)^+^ 

so that for any a < a' and 5 small enough: 

min{t| log6^//(t) < r"'} < CeS^^"^- + 0(5^^^^^). 



These two observations show the following (passing to the limits a' — ?■ a, /?' — )■ /3 
and e -> 0): 

Proposition 8.6. Given aQ<5<a<(3<'')<l, there exists a sequence 

a;(a,/3,7,(5) = a;((5)|o... mia;(7)|m,+i...„,w((5)|„i+i...m2C<;(7) 1^2+1. ..„2 ... 
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such that the group r^(Q,/3,'y,5) satisfies: 



1 1 

u{a,f3) < and l{Q:,f3) < 



7-/3 a — 6 

The choice oi u{a, f3, 7, S) guarantees «(r(^(a,/3,7,5)) > S and «(r(^(a,/3,7,5)) < 7, but 
these are probably strict inequahties. 

Note that the construction oi u{a, (5) in the proof of theorem 7.1 is a particular 
instance of the above proposition with 7 = /3 and 5 = a. In this case, the upper 
and lower pseudo period exponents are (a priori) infinite. 

On the other hand, in order to minimize the upper and lower pseudo period 
exponents for a fixed oscillation magnitude a < (3, taking 7 = 1 and 5 = ao gives 
upper bounds (the lower bounds are trivial from fact 8.2): 

< m(«, /3) < n and - < /(a, (5) < 



1 — (3 1 — /3 a a — ao 

Since the estimates above are done for any t in L{a,f3) and s in U{a,f3), they 
provide an upper bound for (any choice of definition in remark 8.5) pseudo period: 

P{l-a) ^ , ^. ^ 1 

a{l-l3) -P^'^^P) - (1 _/?)(«_ tto)- 

9. Comments and questions 

9.1. Precise growth estimates. Theorem 6.1 provides the existence of many 
groups with precise logarithmic growth exponents. However, it is not clear how 
much their growth functions are regular. Indeed, the sequence u{a) used to de- 
fine r^(Q,) has the form u{a) = 0™'^(012)"i0™2(012)"^2 _ _ fQj; gome sequences mi,ni 
tending to infinity (this permits to use lemma 5.3 to estimate the norm of a large 
product of matrices). It is likely that the growth function 6a;{a)(^) oscillates around 
e^" with oscillations unseen by the logarithmic growth exponents. 

It would be interesting to produce more regular growth functions, and in partic- 
ular to know for which exponents a there is a group with precise growth function 
6p(r) ^ e*"". Two directions seem interesting. 

On the one hand, periodic sequences u should be studied further. The technics 
developped here provide some interesting estimates, as for instance (example 5.2 (2) 
and proposition 5.6): 

0.8019 ^ 1 r^ ( \ ^ 0.8684 

r ^ log 0(001122)°= l^j ^ r 

However, the specific norm defined in paragraph 5.2, which is very well suited for the 
sequence u = (012)°^, does not seem to be sufficient in general. Maybe considering 
other norms (making full use of a given period, for instance (001122)) would provide 
better upper estimates. 

On the other hand, growth functions of random sequences u would be interesting 
to compute. A natural model is given by rotating sequences Wj+i G {ui, Ui + 1} with 
probability p and 1 — p respectively. The study of random product of matrices could 
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give nice lower bounds via proposition 5.1, but on the other hand, an appropriate 
version of the growth lemma 4.1 is needed. 

Concerning the space of groups (r^)^gn, it seems that the growth function is 
minimal for the sequence (012)°^, but it is not proved. Also the growth function of 
the group G^^ might be quite different from that of F^ for a given sequence u. For 

r 

instance F(oi)oo has exponential growth, whereas G(oi)°° has growth essentially ei°g'- 
(see [Ersl]). 

9.2. Oscillations. Groups with oscillating growth function appear by considering 
different sequences u at different scales, i.e. with highly non periodic sequences u. 
Is it true that oscillation does not occur if u is periodic? In other terms, does the 
sequence °^ \^ ^ converge for F = F^ with periodic w, or for F an automata group? 

The questions of amplitude and frequency naturally arise with the notion of os- 
cillation. Theorem 7.1 provides a good description of amplitude (oscillation between 
any two bounds chq < a < [5 < 1) , but is not satisfying regarding frequency, as the 
upper and lower pseudo period exponents seem to be infinite. Conversely, in propo- 
sition 8.6 the frequency is evaluated, but the exact amplitude is not known, though 
one can believe the lower and upper logarithmic growth exponents of T^^(a,p,'y,5) are 
exactly a and [5. 

Submultiplicativity and increasing nature of the growth functions 6r(r) impose 
easy lower bounds on the pseudo period (fact 8.2). It is far from clear, especially 
concerning the lower pseudo period, that these bounds are optimal. In other terms, 
what are the values of the following functions of (a, /?)? 

■Uoo(q;,/3) = inf{-ur(tt,/3)|r is a finitely generated group}, 

/oo(tt,/3) = inf{/r(Q;, /3)|F is a finitely generated group}, 

Poo(tt5 P) = inf{pr(tt, /3)|F is a finitely generated group}. 

Concerning the notion of period, is it true that the four definitions of pseudo period 
exponents from remark 8.5 coincide for maximal frequency? 

References 

[Ale] Aleshin S. V., Finite automata and Burnside's problem for periodic groups, Math. Notes 11 

(1972), 319-328. 
[Barl] Bartholdi L., The growth of Grigorchuk's torsion group, Internal. Math. Res. Notices 20 

(1998), 1349-1356. 
[Bar2] Bartholdi L., Lower bounds on the growth of a group acting on the binary rooted tree, 

Internat. J. Algebra Comput. 11(1) (2001), 73-88. 
[BE] Bartholdi L., Erschler A., Growth of permutational extensions, arXiv:1011.5266vl. 
[BS] Bartholdi L., Sunik Z., On the word and period growth of some groups of tree automorphisms. 

Communications in Algebra 29 (2001) 11, 4923-4964. 
[Bas] Bass H., The degree of polynomial growth of finitely generated nilpotent groups, Proc. Lond. 

Math. Soc. (3), 25 (1972), 603-614. 
[Bri] Brieussel J., Groissance et moyennabilite de certains groupes d'automorphismes d'un ar- 

bre enracine. These de doctoral, Universite D. Diderot Paris 7, (2008). Available at 

http://www.institut.math.jussieu.fr/theses/2008/brieussel/. 
[Ersl] Erschler A., Boundary behavior for groups of subexponential growth. Annals of Math. 160 

(2004), 1183-1210. 



GROWTH BEHAVIORS IN THE RANGE e'' 23 

[Ers2] Erschler A., Not residually finite groups of intermediate growth, coniniensurability and non- 

geometricity, J. Algebra 272 (2004), no 1, 154172. 
[Ers3] Erschler A., On the degrees of growth of finitely generated groups, Funct. Anal. Appl. 39 

(2005), no 4, 317-320. [Russian: Funktsional. Anal, i Prilhozen. 39 (2005), no 4, 86-89.] 
[Gril] Grigorchuk R., Degrees of growth of finitely generated groups and the theory of invariant 

means, Math. USSR Izv. 25:2 (1985), 259-300. 
[Gri2] Grigorchuk R., Degrees of growth of p-groups and torsion free groups, Math. USSR-Sb. 

54(1), 185-205 (1986). [Russian: Mat. Sb. (N.S.) 126(168) (1985), no.2, 194-214, 286.] 
[Gro] Gromov M., Groups of polynomial growth and expanding maps. Publications Mathematiques, 

I.H.S., 53 (1981), p. 53-78. 
[Gui] Guivarc'h Y., Croissance polynomiale et periodes des fonctions harmoniques. Bull. Soc. 

Math. France 101 (1973), 333-379. 
[Kle] Kleiner B., A new proof of Gromov's theorem on groups of polynomial growth, J. Amer. Math. 

Soc. 23 (2010) 815-829. 
[Leo] Leonov Y., On a lower bound for the growth of a 3-generator 2-group, Mat. Sb. 192 (2001), 

77-92. 
[Mil] Milnor J., A note on curvature and fundamental group, J. Diff. Geom. 2 (1968), 17. 
[MP] Muchnik R., Pak I., On growth of Grigorchuk groups, Intcrnat. J. Algebra Comput. 11 (2001), 

1-17. 
[Pan] Pansu P., Groissance des boules et des geodesiques fermees dans les nilvarietes. Erg. Th. 

Dynam. Systems 3 (1983) no. 3, 415-445. 
[ST] Shalom Y., Tao T., A finitary version of Gromov's polynomial growth theorem, Geom. Funct. 

Anal. Vol. 20 (2010), 1502-1547. 
[Wol] Wolf J., Growth of finitely generated solvable groups and curvature of Riemannian manifolds, 

J. Diff. Geom., 2 (1968), 421-446. 
[Zuk] Zuk A., Groupes engendres par des automates, Scminaire N. Bourbaki 971, (2006). 

E-mail address: jeremie.brieussel@gmail.com 



